Cylindrical electromagnetic waves have been examined mostly with a radiation condition applied at the radial far field. In modern optical technology, there are however growing number of applications where both radiation and absorption of energy should be taken into account. In order to illustrate the ramifications of such energy balance, we take plasmonic waves propagating around a metallic nanowire as an example. Hence, we provide both key mathematical formulas and corresponding numerical results for the collective electronic motions in resonance with electromagnetic waves. Firstly, we show theoretically why a net Poynting energy flow is directed inward to the cylindrical axis. Secondly, we invoke a Cauchy-Schwarz inequality for complex variables in deriving an upper bound on the specific transverse light spin along the axial direction. Thirdly, we could identify both first-and second-order polarizations. Overall, loss-induced and gain-compensated characteristics are illustrated for a dissipative system. In addition, the stability of neutral states are examined by relaxing the angular periodicity.
Introduction
Cylindrical electromagnetic waves around a cylindrical obstacle have been investigated for a long time [15] . For instance, optical fibers and nano-scale probes rely on wave propagations along the cylindrical axis [8, 9, 18] . Even when waves are allowed to propagate only on a plane including the cross-sectional plane of a wire, there are numerous technological applications.
For instance, consider whispering-gallery modes (WGMs) involving cylindrical waves. WGMs are employed not only for chemical and biological sensors [8, 13, 41] , but also for quantum information processing [34] . Field focusing via WGMs is essential in realizing photon manipulations [28] . Numerous examples are also found in manipulating nano-objects immersed in electromagnetic fields [8, 25] . In microfluidics, rotational waves are utilized for determining fluid viscosity as well [36] . As regards applications to electronics industry, integrated photonic circuits are under a hot pursuit as a candidate replacing conventional integrated electronic circuits for reasons of low energy consumption [10] . Our recent work on graphene-coated nanowires offers additional application areas [17] .
Most of these applications have been successfully analyzed as regards the energy transfer from the cylindrical objects into the surrounding environments via the century-old radiation condition [33, 41] . In addition to the mathematical aspects of the radiation condition, a variety of application areas are mentioned in [16, 33] such as radars and wireless communications.
According to this radiation condition, only outgoing waves are allowed from a body immersed in a free space in the context of exterior boundary value problems [33] , thereby ensuring the well-posedness of mathematical problems [11] . This radiation condition has been built even into modern commercial numerical codes for solving Maxwell's equations [10, 16] .
In fluid dynamics, it is true in the absence of energy sources in the far field of the exterior region [23] . However, in modern optical applications, there are a few exceptions, where incoming energy from afar should be taken into consideration. As an example, optical trapping of ions rely on energy supply from outside through laser illumination [27] . As another example, optical gain media for metamaterials act as energy sources, thus compensating energy dissipation by metallic constituents [3, 10, 39] .
Figure 1(a) shows a cross-section of a cylindrical nanowire along with the cylindrical coordinates (r, θ, z) and Cartesian coordinates (x, y, z). The wire radius is fixed to be R. We emphasize that only planar waves propagating on a plane including the cross-sectional plane of a nanowire are under current investigation. In other words, there are no wave propagations along the axial z-direction. Hence, we are dealing with two-dimensional wave problems, where all the field variables depend only on (r, θ) or (x, y) [4, 11, 16, 33] . Our wave configuration is thus suitable for realizing topological photonics [32] , if some material asymmetries are additionally provided.
In comparison, Fig. 1(b) shows a pair of twodimensional structures, which require however threedimensional descriptions. This configuration is hence not under direct consideration in this study. Notice in Fig. 1 (a) that the metal part is convex toward the surrounding medium [4] . This radiative attenuation of waves is quite natural with such configurations. The opposite case of concave metal parts is discussed in [4] , where local energy absorption takes place more easily.
Classical electromagnetic waves are governed by Maxwell's equations. They are linear partial differential equations (PDEs) for both electric and magnetic field variables in the absence of explicit current sources [15] . Suppose that all the field variables are assumed to follow the common phase factor exp(imθ) [41] . Here, m is the angular mode index, which is integer if angular periodicity prevails, i.e., m ∈ ℤ. The PDEs are then separable into ordinary differential equations (ODEs) thanks to m [40] . m u ð Þ imply waves respectively outgoing and incoming in the radial direction [2, 11, 33] .
In addition, A is the asymmetry parameter with A≡A r + iA i so that A ∈ ℂ and A r , A i ∈ ℝ. When A ≠ 0, A denote the deviation from a perfect balance between outgoing and incoming waves [31] . Notice that the ideal situation with the combined conditions u ∈ ℝ for loss-free metals and A = 0 implies standing waves since [31, 33] . As an exterior boundary condition, the wave portion represented by H 2 ð Þ m u ð Þ in Eq. (1.1) accounts for energy sources, without directly incorporating any source terms in the governing PDEs. Assuming the exterior outside the cylinder to be energy-conserving, non-zero values of A correspond to the interior inside the cylinder being energy-dissipating. Figure 1(a) indicates that the interior is filled with metals. Therefore, the collective electronic motions in metals are in resonance with electromagnetic waves [10, 28] , which are called plasmonic waves [29] .
Through this example of plasmonic waves, we are here to explain several consequences resulting from the energy balance between the radiating outgoing waves and the absorptive incoming waves. By way of both mathematical analysis and numerical computations, we will find neutral states by such balanced energy exchanges. In addition, we will show how delicately those neutral states are established [4, 14, 26] .
Furthermore, we will present several characteristics of cylindrical electromagnetic plasmonic waves. Firstly, Poynting energy flows will be analyzed and key analytic formulas will be derived [4] . Besides, associated implications to scattering will be discussed [9, 16, 28, 37, 41] .
Secondly, we will show the existence of transverse light spins even in the absence of axial waves [6, 7] . The light spin receives an increasing attention these days because of both direct and inverse Faraday effects [17, 30, 32] . However, the intensive discussions on light spins provided in [7] center around rectilinear waves. In contrast, we are dealing here with light spins for cylindrical waves. In these respects, several interesting findings of this study are based on the following Cauchy-Schwarz inequality for E r , E θ ∈ ℂ.
Here, (E r , E θ ) indicate the two cross-sectional components of electric field. Via this inequality, a specific spin Fig. 1 a Schematics of primary concern to this study for a transverse magnetic (TM) wave along with both coordinates and non-zero field variables [8, 11] . b Three-dimensional waves around a two-dimensional disk or a ring not under current investigation [10] . c A generic curved or bent interface between metal and vacuum. Indicated are typical convex and concave portions towards the vacuum [4] defined as the reduced light spin per energy density turns out to be bounded in its magnitude. This specific spin is similar to the conventional degree of electric-field polarization, but they are not equal [24, 38] . Besides, the discontinuity of specific spin across the cylindrical interface is thus illustrated. Along with optical chirality [35] , light spin characterizes asymmetric structural properties of molecules or small particles on which light is illuminated.
Thirdly, the phase singularity found at the cylindrical axis is related to optical vortices [5] . The electric-field polarization will be discussed from a viewpoint of light spin and the two-dimensionality of electromagnetic waves [1, 31, 40] . Several analogies are made to fluid dynamics concerning singularity and vortices as needs arise [19] .
This study complements our previous published works, since several key mathematical proofs are made here for the mostly numerical results presented by our earlier publications on electromagnetic waves in general [20] and cylindrical waves in particular [21, 22] . We remark once more that all of our previous works have accounted only for radiating waves but not the absorbing waves. In terms of the types of PDEs, the metallic loss leads to hybrid nature of hyperbolic and parabolic PDEs [11, 20, 40, 41] which render highly non-trivial all the involved numerical computations.
Problem formulation
Consider Maxwell's equations in the absence of electric charges and for nonmagnetic media [4, 15] . An electromagnetic medium is characterized by its relative permittivity ε with ε ∈ ℂ. For instance, ε = 1 for vacuum. For metals in a cylindrical nanowire, the interaction between electrons in metals and electromagnetic waves is incorporated into ε(ω) as a function of frequency ω according to linear response theory [15] . We assume ω > 0 throughout this study.
If all the field variables are assumed to follow the combined phase factor exp(imθ-iωt), the normalized electric field vector E → and magnetic field vector H → are defined as follows [7] .
ð2:2Þ 
respectively. Here, the vacuum wave number k 0 is defined by k 0 ≡ω/c 0 , where c 0 is the light speed in vacuum defined by c 0 ≡1= ffiffiffiffiffiffiffiffif ε 0μ 0 p . The upper left portion of Fig. 1(a) shows a transverse-magnetic (TM) wave with its non-zero field components (E r , E θ , H z ) [10] . The interior in the range 0 ≤ r < R refers to the metallic nanowire. In comparison, the exterior in the range R < r refers to the surrounding dielectric, which is taken to be vacuum in this study. Hence, the cylindrical metal-dielectric (M-D) interface is located at r = R. Whenever necessary, replacements should be made such that H z →H M;D z and ε → ε D,M respectively for the interior and exterior. In this notation, ε D = 1.
As a data, the light wavelength is fixed at λ = 600 nm with λ≡2πc 0 /ω, while the nanowire radius is taken to be R = 600 nm on the nanometer scales. In addition, m/R is called the surface wave number [4] . The relative dielectric constant ε M (ω) of metal is ε M = -8.93 + 0.979i as read from [12] for gold at λ = 600 nm, thus lying in the range of visible light. Notice that Im(ε M ) = 0.979 stands for metallic loss, which leads to the dissipative attenuation of plasmonic waves [4] .
Maxwell's equations give rise to the following two auxiliary relations [4] . The reduced radial coordinate ρ≡r/R is defined so that 0 ≤ ρ ≤ 1 in the interior and 1 ≤ ρ < ∞ in the exterior.
Ampère :
Hence, ρ = 1 refers to the cylindrical M-D interface. In addition, the size parameter q is defined below.
From our data of R = 600 nm and λ = 600 nm, q = 2π. Let us summarize our data for future reference [4, 10, 12, 16, 28] .
Since Maxwell's equations are linear, the magnetic field can assume the following normalized forms respectively in the interior and exterior [17, 18, 36] . . Hence, Eq. (2.7) represents spatially inhomogeneous fields necessary to detect asymmetric optical properties of matters immersed in our light fields [35] .
. This fact is in conformity to the causality condition accompanied by the phase factor exp(-iωt) with ω, t ≥ 0. It is numerically confirmed for iβ∝ ffiffiffiffiffi ffi ε M p that arg(β) = arg(2.99 − i0.163) = − 0.0546. By the way, the choice Im(ε M ) > 0 is in line with the selection of the outgoing waves in the absence of energy sources [4, 16, 23, 33] . Let us define the logarithmic derivative ∂ log [F(β)] [4, 5] .
ð2:8Þ
Notice that this kind of logarithmic derivative is characteristic of Green functions encountered when dealing with Laplace operator in two-dimensional planar geometry [11, 16, 40] .
As one of interface conditions across ρ = 1, the first continuity in H z leads to
ð Þ, which has already been incorporated into Eq. (2.7). The other continuity in
ð2:9Þ
Consequently, the well-known dispersion relation [4, [8] [9] [10] can be written as follows.
Here, the residual function R M for the interior defined as follows [4] . 
Here, (γ 1 , γ 2 , γ 3 , γ 4 ) are appropriately specified as follows.
ð2:15Þ
Therefore, A(m) can be readily evaluated for a pair of the already prescribed data in Eq. (2.6). We call a state with such a computed A the "neutral" state.
To the best of the author's knowledge, the particular dispersion relation R M ¼ R D in Eq. (2.10) is derived here for the first time in the presence of both energy radiation and absorption.
Limit cases
The relations presented so far admit several limit forms useful to better grasping the dynamics under investigation. In the context of gently bent interfaces as depicted in Fig. 1 (c), several relevant limit forms are discussed in details in [4] . His treatment based on local curvatures along the interfaces pointed out that the convexity or concavity toward the vacuum play a crucial role in determining whether energy radiation or absorption is more dominant. In addition, we can figure out that his deduction of slowly varying or adiabatic changes in field variables had ultimately led to the notion of Berry curvature and connection, which is related to Chern-Simons theory of topological physics [32] .
Firstly, in a static limit as ω → 0, Helmholtz equation is Eq. (2.4) is reduced to the following Laplace equation.
Notice that this equation is of homogeneous order with respect to the r-coordinate, thus admitting the general solution H z (ρ) = C + ρ m + C − ρ − m for m > 0. Here, C ± are constants with C ± ∈ ℂ. For the sake of simplicity, consider only the case
Since only a single additional interface condition is applicable, we can choose it to be
, we hence obtain the solution to Eq. (3.1) as follows.
For the particular value of m = 0, Eq. (3.1) admits H z (ρ) = C + + C − ln(ρ) [40] .
Secondly, in the high-frequency limit as ω → ∞ [16], Eq. (2.4) leads to εk 2 0 ∝ m 2 =r 2 j j, thus requiring proportionately highly rotational speeds as well. This limit has been thoroughly analyzed in [4] under the subject of "argument < < order, order large" [2] .
Thirdly, the azimuthally independent waves with m = 0 are of utmost interests to engineering applications for waveguides [9, 11] . But, let us mention only that the transverse-magnetic (TM) wave in this case comes with its non-zero field components (E r , H θ , E z ) instead of (E r , E θ , H z ) under current investigation.
Fourthly, for A = -1 and
10) is reduced to the following much-studied dispersion relation [4, 9, 14, 28] in the presence solely of energy radiation.
ð3:3Þ
Note that Eq. (3.3) is highly nonlinear in the usual eigenvalue q defined in Eq. (2.5), instead of being able to be specified as in Eq. (2.6). In this case, energy radiation is represented by H Notice furthermore that ε M = -8.93 + 0.979i has been selected from the experimentally measured data such as from [12] . Of course, the frequency-dependent data ε M (ω) or ε M (λ) is provided in [12, 32, 41] as well. However, the data ε M (ω) has been obtained only for real ω, i.e., under steady states. Normally, the data ε M (ω) with complex ω is not available. Even the phenomenological Drude formula is
Þwith both ω p and τ specified so that it is supposed to be valid only for real ω [4] .
In a short summary, Eq. (3.3) poses no computational difficulty in finding q r + iq i [4] , once ε M (ω) is available. Unfortunately, such data ε M (ω) for complex ω r + iω i is currently unavailable. This is why traditional solutions to Eq. (3.3) have been made mostly with loss-free metal with Im(ε M ) = 0 as in [4] . In this case, I m ffiffiffiffiffiffiffiffi ffi
. Moreover, for the generic curved interface such as displayed in Fig. 1(c) , the convex and concave portions are associated more likely with H Under the assumption of Im(ε M ) = 0, we have employed ε M = -8.93 for loss-free metals in solving Eq. (3.3). There is now only a radiative attenuation of rotational waves but with neither dissipative attenuation nor energy absorption from the radial far field. Meanwhile, it is necessary that q i < 0 or ω i < 0 because of q≡ωR/c 0 for waves to be attenuated as time goes on as seen from the phase factor exp(−iωt) = exp(−iω r t + iω i t).
For the specified angular mode index m = 1, we found q = 0.5694-i0.5314 by numerical computations. This eigenvalue is computed within the computational error
for the residual in Eq. (3.3). In addition, there are infinitely many eigenvalues of q with |q i | > 0.5314 so that they are more attenuating. With varying m, we performed more computations. Figure 2 shows a series of thus-found complex size parameter q≡q r + iq i with varying m. The horizontal axis is the temporal frequency q r , whereas the vertical axis is the attenuation rate -q i . The most notable is the fact that the minimum in -q i is achieved with m = 1. In comparison, the non-rotational wave with m = 0 is more radiative than any other rotational waves with m > 1 [32] . Physically speaking, a minimally rotational wave undergoes the least attenuation, thus corroborating in part the importance of light spins. Since the curve over the range m ≥ 1 is less steep than the linear one in Fig. 2(a) , the effectiveness of rotational waves, namely, q r /m increases with m. Furthermore, it is supposed from Fig. 2(b 
Dispersion relation and its solutions
Our numerical results are obtained as follows. Firstly, the input data of q = 2π and (ε M = − 8.93 + 0.979i, ε D = 1) are assigned as in (2.6). Secondly, R M is evaluated from (2.11) with a specified value of m. Thirdly, the four parameters (γ 1 , γ 2 , γ 3 , γ 4 ) are computed from (2.15). Fourthly, A is finally computed as follows by inverting Eq. (2.14). Notice that these connecting lines do not result from computations. However, dynamics along these lines can be conjectured to be associated with non-integer values of m arising from generic convex and/or concave interfaces as depicted in Fig. 1(c) [4] .
Furthermore, Fig. 3 shows that the several leading neutral states over 1 ≤ m ≤ 7 undergo rather erratic location changes on the complex Ā -plane for relatively small values of m. Note the scale change Ā r ≡ sgn(A r )|A r | 0.25 and similarly for Ā i . In other words, A moves across the real line of A i = 0 with varying m. However, from m = 7 onward to m = 20, they follow an almost straight trajectory. Already at m = 20, its neutral state nearly reached its limit location at A = 0, viz., a perfect balance between energy radiation and absorption.
Let us review the meaning of the dispersion relation presented in Eq. (2.10), which can be understood as a complex equation
As a result, Eq. (2.10) requires the simultaneous satisfaction of the following two real relations.
This pair of equations are numerically solved for A as an eigenvalue to the operators consisting of the domain [4, 17, 32] . Therefore, our problem can be formulated only in terms of the magnetic field H M;D z along the cylindrical axis [11] .
in magenta, and Im R D ρq ð Þ ½ in green. As expected from the solution to the dispersion rela-
Likewise, the other pair of solid curves for Im
intersect at ρ = 1 (they do although the crossing is hardly discernible with bare eyes).
What is more important is the potential-function nature of the modified logarithmic derivatives R M ffiffiffiffiffi ffi ε M p ρq À Á and R D ρq ð Þ, as explained for Eq. (2.10). Al-
and R D ρq ð Þ are originally defined respectively in the interior and in the exterior, both are extended in Fig. 4 respectively into the exterior and into the interior. It is thus found from Fig. 4 
that both Re
exhibit the characteristics of infinitely attracting potential functions, thereby characterizing metals. In comparison, Re R D ρq ð Þ ½ looks like an infinitely repelling potential function. It is unique that Im R D ρq ð Þ ½ displays its minimum at a certain value of ρ in the vicinity of the origin at ρ = 0.
As a precaution in the following developments, we notice the following inequality as regards Eq. (2.7). 
Poynting energy flows
The energy flow of electromagnetic waves is described by Poynting vector P 
ð5:1Þ
For simplicity, we employed a short-hand notation α≡qρ for the arguments of the relevant functions in the dielectric exterior. Notice that α > 0 from Eq. Let us further define a temporary parameter Γ(α), which is related to the absolute value squared.
We can thus proceed with Im
ð5:6Þ
Here, we utilized the Wronskian formula between J m (α) and Y m (α) [2] .
Reverting to α≡qρ, we obtain the following desired formula for (5.1) [4] . [9, 37] . According to, say, the red bar with m = 2 in Fig. 5(a) for P → Rþ D , the reflection is not specular (namely, the reflection angle being different from the incidence angle) due to metallic loss as displayed in Fig. 5(b) .
Notice that H Fig. 5(c) [33] . The single-curve-like black-red dotted curves result from an almost complete overlap for the five curves drawn for m = 0,2,4,6,8. However, there do exist finite non-zero differences among the various profiles, especially on the metallic side in the vicinity of the M-D interface as marked by a green broken circle in Fig. 5(c) . This field confinement accompanied by a penetration feature [4, 10, 17, 28, 29] is similar to the boundary-layer feature in fluid dynamics [19] .
Light spins and upper bounds
Consider the light spin vector S → ¼ S r ; S θ ; S z ð Þdefined as follows [6, 7, 22, 24] .
Here, g is a constant depending on the system of units.
Notice that S → comes in dual terms by consisting of both electric and magnetic parts [7, 32] . In terms of lightparticle interactions [7] , light spins are related to the torque exerted on particles by light.
Because of the single non-zero magnetic field H z , the term Im H → Ã Â H → vanishes identically. Since non-zero electric field components (E r , E θ ) lie on the cross-sectional plane,
so that the sole non-zero spin component is given by.
On the other hand, the electromagnetic energy density W is defined as follows also in dual terms [7, 15, 24] .
Here, the factor |ε| in the term ε j j E → 2 accounts for the positivity of energy [40] .
for our particular cylindrical wave,
In the meantime, the specific transverse light spin s z (to be henceforth shortened as "specific spin") in the axial z-direction is defined with respect to energy density of electromagnetic waves [7, 24] .
ð6:5Þ
We can prove that its magnitude is bounded such that |s z | ≤ 1 without actually plugging the solutions (E r , E θ , H z ) related via Eq. (2.3) into Eqs. (6.2) and (6.4). This requires only an invocation of Cauchy-Schwarz inequality Im E
2) as follows.
ð6:6Þ
:
ð6:7Þ
Consequently, |s z | ≤ 1 is proved. In addition, we expect that |s z | = 1 hardly occurs, because of the positive term |H z | 2 in the definition for N spin of the above equation. Therefore, the only chance that |s z | → 1 is feasible occurs in two cases: (1) as |E r |, |E θ |, |H z | → 0, viz., or (2) as |E r | = |E θ | and |H z | → 0. Both cases can be called an optical singularity [5] . Via the upcoming Eqs. (6.12) and (6.13), we will find that the latter case (2) is the correct one. This point will become clear from the forthcoming Figs. 5 and 7 obtained through numerical computations. Via Maxwell's equations, we can numerically evaluate the specific spin s z ≡ωS z /W in Eq. (6.5). To this end, both z cannot be directly translated into the traditional fluid dynamic interface conditions. In this regard, the fluid dynamic conditions between a solid and an adjoining fluid may be either perfectly sticky adherence or no slips [19] . Figure 7 shows the jump in the specific spin Δs z ≡s
The angular mode index m is increased in Fig. 7(a) over m = 1,2,⋯,19,20 in increments of one, whereas it is increased in Fig. 7(b) over m = 21,23,⋯,53,55 in increments of two. It seems that Δs z > 0 only for the lower angular speeds with m = 1,2,⋯,5,6. In special, the maximum in Δs z takes place for m = 3. On the other hand, Δs z < 0 for m ≥ 7, whereas its magnitude |Δs z | appears to approach a certain limit value as m → ∞ as inferred from Fig. 7(b) . This trend should be associated with the limit behavior in Fig. 3 that A → 0 as m → ∞. We have not attempted its analytic proof, but we believe that it can be performed. In addition, this jump is related to spin-orbital interactions [7, 38] .
Polarization and two-dimensionality
In polar coordinates, consider a second-order degree of polarization (DOP) Π rθ,2 for the electric-field components on the cross-sectional plane [41] .
ð7:1Þ Therefore, Π rθ,2 = 1 and Π rθ,2 = − 1 refer respectively to the pure radial and angular polarizations. On the other hand, Π rθ,2 = 0 refers to the perfect circular polarization. Traditionally, Π rθ,2 has been called the in-plane polarization [7] . Figure 8 shows Π rθ,2 for the four values of m = 1, 2, 4, 10. Figure 8 looks quite similar to that of the specific spin s z in Fig. 6 . Of course, the optical vortices can be seen where s z → 1 in Fig. 6 and where Π rθ,2 → 0 in Fig. 8 both as ρ → 0 [5, 21] . Here, a phase singularity takes place and a perfect circular polarization applies as summarized in Eq. (6.13).
However, upon closer look at both figures, the locations where s z = 0 in Fig. 6 are irregularly spaced, whereas the locations where Π rθ,2 = 0 in Fig. 8 are rather regularly spaced. Those locations are of course do not coincide. Therefore, s z and Π rθ,2 are certainly unequal, thereby negating the traditional notion that the electricfield polarization is the same as the light (specific) spin.
Prompted by the upper bound on |s z | defined through both Eqs. (6.6) and (6.7), we introduce two additional degrees of polarization Π rθ,1 and Π rθz .
2Þ Fig. 7 The jump in the specific spin Δs z ≡s 
ð7:3Þ
Here, Π rθ,1 is a first-order DOP, in comparison to the second-order one Π rθ,2 previously defined in Eq. (7.1).
As a result, the vectorial DOP Π rθz is an extended form of Π rθ,1 by accounting for the vectorial nature of the total field (E r , E θ , H z ) of our TM wave. Of course, Π rθz contains the weighting actor ffiffiffiffiffi ε j j p for both E r and E θ in comparison to one (for our non-magnetic media with ffiffiffi μ p ¼ 1) for H z . The bound on the specific spin in Eq. (6.7) now reads as follows.
ð7:4Þ Figure 9 (a) presents the radial profile of Π rθz for the four values of m = 1,2,4,10. We find that Π rθz in Fig. 9 (a) looks like something in between |s z | in Fig. 6 and Π rθ,2 in Fig. 8 . Meanwhile, Fig. 9(b) displays the radial profile of the sum s z + Π rθz , thus exhibiting the sharpness of the upper bound in Eq. (7.4) .
Through the coordinate transforms E x = E r cos θ − E θ sin θ and E y = E r sin θ + E θ cos θ, Π rθ,2 in Eq. (7.1) can be transformed into the following DOP Π xy in the Cartesian coordinates.
ð7:5Þ Figure 10 shows Π xy on the cross-sectional plane of a nanowire for m = 4,10. Here, ξ≡x/R and η≡y/R, and hence ξ 2 + η 2 = ρ 2 . The white horizontal and vertical lines indicate respectively η = 0 and ξ = 0. The more reddish and bluish colors correspond respectively to larger and smaller values of Π xy . Hence, the color change corresponds to the circular polarization. The strongest red color corresponds to Π xy = 1 for the x-polarized electric field, whereas the strongest blue color corresponds to Π xy = − 1 for the y-polarized electric field.
A common feature of both panels in Fig. 10 is that the interior exhibits a rather monotone trend in the radial direction. This is consistent with both Figs. 6 and 8 with a similar monotonic evanescent feature in the interior [8, 32] . In comparison, the exterior reveals characteristic sinusoidal undulations again as in Figs. 6 and 8. Another common feature in Fig. 10 is that the whole Π xy -pattern is twice periodic in the angular direction due to cos(2θ) and sin(2θ).
Let us tell the difference between the two panels of Fig. 10 . To this end, a red broken line is drawn on each panel on the first quadrant. It is thus found that the angle subtended by this broken slant line and the horizontal axis is visibly less than 45°in Fig. 10(a) for m = 4, whereas it is almost 45°in Fig. 10(b) for m = 10. Therefore, the rotational strength alters the handedness of circular polarization characteristics to some degrees.
Angular-mode dynamics
Michael Berry [4] suggested in 1975 a necessity of taking the incoming energy absorption into account in his treatment of gently curved bends, for which he suggested m ∈ ℝ as well. Since then, curved surfaces have attracted researchers involved in waveguides design [14, 26] . We Based on the same technique employed for drawing Fig. 11 , Additional file 1 is generated by increasing the starting m 0 , but with a slightly different scaling. Let us briefly explain how Additional file 1 is constructed. After its inception with m 0 = 0 below the axis at Ā i = 0, a comet with increasing m 0 appears to make three turns (two across the Ā i = 0 -line, and one below it) before approaching the origin. In general, it is found from Fig. 11(a) that there is an abrupt stepping over the line at Ā i = 0. With m = 20, the small Fig. 11(b) is prepared on the lower right corner of Fig. 11(a) .
It is found from Fig. 11 (b) that Ā → 0 or A → 0, thus signifying an equal importance of both incoming and outgoing waves. From further numerical computations we confirmed that Ā → 0 or A → 0 as m → ∞. It is because large rotations render relatively insignificant the difference between the two types of waves in vacuum. This limit behavior is related to the limit behavior of the spin jump Δs z as m → ∞ in Fig. 7(b) .
Both from a closer counting on Fig. 3 and from Additional file 1 we find that the crossings over Ā i = 0 take place only between the four pairs of integer m's: (0,1), (1,2), (2,3), and (4, 5) . In special, no crossing occurs for the pair (3, 4) . Obviously, there are no more crossings after m = 5 either. The crossing condition is equivalent to A i = 0 by definition, for which we computed the four roots for the pairs of (m, A r ): All these pairs do not refer to realistic neutral states, because of the non-integer m. Recall that a non-integer m refers at most to curved bends or partial arcs, because it does not satisfy angular periodicity.
Take the pair (m, A r ) = (2.69683, 54.5273) in Eq. (8.1) as an example, which is accurate to within six valid Let us tell how we became motivated to examine the current problem. By this way, we hope to pose an open (mathematical) problem. To this goal, consider a coherent combination of the transverse-electric (TE) wave with its non-zero field components (H r , H θ , E z ) and the transverse-magnetic (TM) wave with its non-zero field components (E r , E θ , H z ) [7, 9, 17, 32, 36] . Notice that TM and TE waves are oppositely defined in some literature [11, 16, 32] .
Instead of the pair of the electric field E Our concern is then how to prove the boundedness of s AB . To this end, let us consider the sign of 1-(s AB ) 2 . By way of Cartesian components, The dispersion relation for the combined TE and TM waves is well-known, for instance, as in [9] . Its numerical solutions are easily obtainable as well. Our own computational results show that |s AB | ≤ 1. But, its analytic proof as attempted by Eq. (9.3) cannot be made, thus being left as an open problem.
Conclusion
In summary, we have revisited the plasmonic resonances around a metallic nanowire, but in the presence of both energy absorption and energy radiation. According to several analytical formulas derived in this study and attendant computational data, the Poynting vectors, transverse light spins, and electric-field polarizations are found to show interesting new features according as the energy exchanges are taken into consideration. In particular, an upper bound was analytically found for specific spins. The neutral states implying energy balances were examined for their stability. All the analytical tools we have developed in this study would serve as stepping stones on which we could build more exquisite and delicate formulas as problem complexities increase and hence solutions to Maxwell's equations are harder to be obtained.
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